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Bender’s generalization of the q-binomial Vandermonde convolution is refor- 
mulated with weaker constraints. This and a similar convolution for q-multinomial 
coetlicients are proved by interpreting the coeffkients as generating functions that 
enumerate multidimensional lattice paths. 
1. INTRODUCTION 
The classical Vandermonde convolution 
(1.1) 
was generalized by Bender [4] to 
X [ 1 (n-kW+,-k) n [;][ “--‘:I], 
where a,, a, ,..., a,, satisfy Ui+, - aiE {O,l) for l<i<n, and [i] denotes 
the Gaussian coefficient. The condition a,, I - ui E {0, 1 } appears to be more 
of an artifact of his proofs than an intrinsic constraint. Evans [6] considered 
generalizing (1.2) with relaxed constraints on the a,)~, but his results also 
miss the conditions of this paper. 
Here we will reformulate (1.2) with a weaker constraint. More generally, 
we will prove a similar result for convolutions of q-multinomial coefficients. 
This will be done in a graph-theoretic setting in which the q-multinomial 
coefftcients are interpreted as generating functions for certain paths in the m- 
dimensional integer lattice, Z”. In this setting the constraint ui+ i - a, E 
(0, 11 appears more natural. 
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2. DEFINITIONS AND RESULTS 
Let 0 < q and q # 1. For all x the q-binomial or Gaussian coeflcient [ : ] 
is defined by 
X [ 1 = (qX- 1)(q”-‘- 1) .e* (qX-“+I- 1) n (q”-l)(q”-‘-l).*.(q-1) for integer n > 0, 
[ I 
(2.1) 
X = 0 for integer n < 0, and X = 
n [ 0 1 1. 
For IJ = (ur , Us,..., u,), a vector of integers, the q-multinomial coeflcient is 
defined by 
=o if uk < 0 for some k, (2.2) 
where ]ul=u,+u,+ ... + u, and empty products equal 1. As q + 1, (2.1) 
and (2.2) become the usual binomial and multinomial coefficients, respec- 
tively. Note that [ ‘:” ] and [u, v] agree only when u and u + u are 
nonnegative integers. . 
A sequence of distinct pairs (a,, b,), (a,, bI),..., (a,, bM) is said to be a 
monotonic indexing sequence, denoted by A, if the aj’s are nonnegative 
integers and the bj’s are real numbers satisfying: 
(i) a,, = 0 and a,,, = n, n > 0; 
(ii) aj+l-ajE{O,l} and bj-bj+,E(O,l}. 
Let tij and Jj denote aj- I + 1 and bj+, + 1, respectively, where a_ 1 = -1 
and b,+, = b, - 1. When (a, b) denotes (aj, b,), (ti, b) denotes the 
corresponding (tij, Jj). 
THEOREM 1. For any real x and monotonic indexing sequence A 
n+x [ 1 = xj- qax-b) a + b n+x--6-5 n k&A ’ I IL a n-8 I (2.3) 
= y qS(n-a) a -y 
drE.4 1 [ I[ n+x--6-L 1 n-6 ’ (2.4) 
whereA’={(aj,bj)EA:aj=Cjorbj=bj}. 
We introduce the following notation to index the multinomial convolution 
of Theorem 2. FE Z” is said to be an order ideal in bm if z E F and w  < z 
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imply w  E F, where w  < z means w, < Zi for all i, 1 < i < m. Let B(x) denote 
the set (x + eck): x + etk) k$ F, 1 < k < m}, where eck) is the kth unit vector. 
THEOREM 2. If F is an order ideal in Zm such that 0 E F and s tf F, then 
r 
“I = x; &) k=2 i=l 
fi ‘fil qYi(sk-xk)[x][s _ y]. P-5) 
3. PROOFS 
Proof of Theorem 2. Consider the directed graph, D, with Z” as vertices 
and all ordered pairs of the form (x, x + eck)), for k, 1 < k < m, as directed 
edges. D has the obvious representation in Euclidean m-space. Let P denote 
the directed path with vertex sequence p(O), p(l), p(2),... . Let x -+ y denote 
the set of all paths from the vertex x to the vertex y. Let 1x1 denote x, + 
x2 + .** +x,. Note that, if P E x + y, then 1 y I- 1 x 1 is the number of edges 
in P. 
We now consider a q-analog of the fact that 
is the cardinality of 0 -+ u. We associate with each P E 0 + II a monomial in 
q as follows: if for every edge (x, x + e’k)) of D we form the factor 
9 X~+X*f ’ ’ ’ +*k-l, then the desired monomial for P is the product of the factors 
corresponding to the edges of P. Equivalently, associate with each P E 0 + u 
the monomial 
IUI m k-1 
PI(/)(P~(/)--P~(~- 1)) _ rW).pW-M-1)) 
where p(j) = (pI(j),p2(j),...,p,(j)) and, for convenience, T(U, v) = 
CT==2 C”:: uivk. We claim that 
(3.1) 
and hence [II] is a generating function such that the coefficient of q’ counts 
the number of paths P E 0 + u satisfying Cy!, r(p(j)(p(j) - p(j - 1)) = r. 
To prove (3.1), first note that 
[u] = 2 
k=l 
[u - eck)], (3.2) 
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which generalizes the well-known recursion 
Since every path to u must pass through u - eCk), for some k, (3.1) follows 
from (3.2) by induction. 
If P(x, y) denotes the subset of paths in 0 -+ s containing the edge (x, y), 








PE(~x j=l ) 
4 rcy,y-x) 
x y- qr(y.s-y) fi 
( Pi& 
qr(p(i)-y.p(i)-y-p(i-l)+y) 
j= lyl + 1 ) 
= [xl 4 r(Y,Y-x)qr(Y+Y)[S _ y] 
=4 r-x)[x] [s - y]. (3.3) 
The conditions on F imply that every path P E 0 -+s contains an edge 
(x, y) such that x and its predecessors on P are in F and y and its successors 
on P are not in F. We call such an edge an exit edge from F. Thus the set 
0 --t s can be decomposed into a disjoint union indexed by the exit edges of F. 
Noting that each exit edge is of the form (x, y), where x E F and y E B(x), 
by (3.3) we can express [s] as a sum as stated in (2.5). Equation (2.5) is a 
finite sum since [x] [s - y ] = 0 except for 0 Q x < s. 
Proof of Theorem 1. We will first prove (2.3) in the case where all 
variables are nonnegative integers and 0 < 6, < x for 0 gj < M. In this case 
definitions (2.1) and (2.2) agree. The set F = {(zl, z2): z, Q a and z2 < b for 
some (a, b) E A } is an order ideal in Z’. Although one can derive Theorem 1 
as a consequence of Theorem 2, we will prove it directly using the notation 
and results of the preceding proof. 
Since all paths in (0,O) + (n, x) pass through at least one vertex of A, we 
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can express [n, x] as a sum indexed by A as follows. The elements of A can 





(a, b): a = cr, b = 6}, 
(a, b): a + 1 = E, b = 6), 
(a, b): a = a, b = 6 + 1 }, 
(a, b): a + 1 = a; b = b + 1 }. 
It is easily seen that each (a, 6) E A, is incident to only one exit edge from F, 
namely, ((a, b), (a + 1,b)) = ((a, b), (ti, 6)) and, likewise, that each 
(a, b) E A, is incident to only the exit edge ((a, b), (a, b + 1)) = ((a, b), 
(E, b)). Hence by (3.3), each (a, b) E A, U A, contributes qb(x-bf[a, b] [n - 4 
x - 6] to [n, x]. Since all paths through (a, 6) E A, exit from F at (a, b), a 
computation similar to (3.3) (e.g., set x = y in (3.3)) shows that each 
(a, b) E A, also contributes qzcxeb) [a, b] [n - ~7, x - 61 to [n, x]. Since any 
path intersecting A, must later intersect one of the other sets, A, can be 
ignored. Summing over A, U A, U A, yields 
[n,x] = 1 q”“-b’[u,b][n-ii,x-6]. 
(o.b)cA\P, 
(3.4) 
We now extend (3.4) to real b’s and x. Multiplying both sides of (3.4) by 
(q”- l)(q”-‘- 1) ... (q- 1) yields 
(qx+n - l)(qx+n-’ - 1) . . . (qx+l - 1) 
= \‘ qh(x-b) 
(a,bcA\Ad 
(qn-a - 1)“-“[a, n - u](qa+b - 1) 
x (qa+b-’ - 1) . . . (qb+’ - l)(qx+n-Z-L 1) . . . (qx-b+’ - 1). (3.5) 
For fixed differences a, - u0 ,..., u,,, - uM- i, b, - b, ,..., b,-, - b,, let A(b,) 
denote the corresponding monotonic indexing sequence which depends only 
on b,. If x is a fixed integer such that x > n + M + 1, (3.5) is a polynomial 
identity in qeb” of degree n which is valid for n + 1 values of q-bM, namely, 
for 0 < b, < n, and hence is valid for qpbM for any real &. Equivalently, 
(3.5) is valid for A(b,), where bM is any real. Now for any fixed A(b,), (3.5) 
is a polynomial identity in q” of degree n which is valid for all integers x, 
x > n + M + 1, and hence is valid for all real x. (3.5) can be formulated in 
terms of (2.1) and the proof of (2.3) is complete. 
To obtain (2.4), we first make the change of variables in (3.4): (b, a) for 
(a, b), (&a) for (8, b), and (x, n) for (n, x). Noting that [a, b] = [b, a], etc., 
we then argue as in the above paragraph. 
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4. REMARKS AND EXAMPLES 
Remark 1. If bj and x are nonnegative integers, the monotonic indexing 
sequence A of Theorem 1 can be viewed as a nonincreasing path on Z* (not 
a path in the directed graph of the proof) which cuts across the set of paths 
from (0,O) to (n, x). So viewed, A consists of edges of three possible forms: 
(9 ((a, b), (a + 1, b)); 
(ii) ((a, b), (a + 1, b - 1)); 
(iii) ((a, b), (a, b - 1)). 
The classsical Vandermonde convolution corresponds to allowing A to have 
only edges of form (ii). Specifically, Eq. (1.1) follows Theorem 1 if ak, b,, n, 
and x are replaced by k, x - k, n, and x + y - n, respectively, and q + 1. 
Bender’s generalization, Eq. (1.2), while not proven by him in a graph- 
theoretic setting, corresponds to allowing edges of forms (i) and (ii). Evans 
[6] extended (1.2) by allowing, in essence, an A with edges of the form 
((a, b), (a + 1, b’)) w  ere h b’ -b is a nonnegative variable: thus paths are 
permitted to exit from A more than once which results in a convolution 
formula having extensive indexing. 
Polya [8] has discussed the derivation of the Vandermonde convolution 
by a path argument which is essentially a special case of the proof given 
here. 
Remark 2. The use of the q-binomial coefficient to enumerate certain 
two-dimensional lattice paths was considered by Polya [9], who observed 
that the coefficient of qr in [ “:“I equals the number of paths in (0,O) + 
(u, v), which together with the path containing (0, 0), (0, v) and (u, u) bound 
r unit squares. 
Bender [4] used two combinatorial interpretations of [i] to produce 
several proofs of (1.2). Further discussions of the combinatorial properties of 
[;I and [ul,..., u,] can be found in [2] and [7]. 
Remark 3. The difference in the form of (2.3) and (2.4) is easily 
explained. We note that (2.3) follows from (3.1), which, for m = 2, is that 
[u,, u,] equals the sum over all P E (0,O) -+ (u,, UJ of monomials in q with 
exponent Cp!,p,(j)(p2(j) -pz(j- 1)). [u,, u2] is also expressible as the 
sum over all P E (O,O)+ (u i, UJ of monomials in q with exponent 
Cyhm(PlW -Pdj- l)), and one can show that (2.4) follows directly 
from this expression. 
Remark 4. Askey [3] noted that Shih-Chieh Chu found an equivalent of 
(1.1) in the year 1303 and thus it is reasonable to call (1.1) the Chu-Vander- 
monde convolution. 
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EXAMPLE 1. In the following four examples we will apply the above 
results to various indexing schemes. If we apply Theorem 1 to a horizontal 
indexing sequence where we let ak = k, b, = x - 1, n = n, x = x + y - 1, and 
q -+ 1, then we obtain the well known identity 
i 
x+yyj= k$o (“‘yj(“‘;Iy j, (4.1) 
or equivalently, 
(x + y), = .+ (X)k (YLk 
n! keo k! (n-k)! ’ 
where (x)~=x(x+ 1) ... (x+k- 1). 
If, following the suggestion of Andrews [ 11, we classify binomial identities 
in terms of their hypergeometric series equivalents, we will find a less 
extensive list of identities as the effects of changes of variables and redun- 
dences are eliminated. As a hypergeometric series, the Vandermonde 
convolution is 
*F,(-n, a; c; I) = L : (-4k(a)k = (c -4, 
k:O k! (c)k (c)n ’ 
n = 0, l,... . (4.2) 
Equation (4.2) yields (1.1) for a = -x and c =y - n + 1, and it yields (4.2) 
for a = -x and c =y. Thus (4.1) is simply a reformulation of (1.1). 
EXAMPLE 2. 
(4.3) 
To derive (4.3), let aj = [j/2], bj=x + 2n -j - 1, n = 2n, x=x - 1, and 
q + 1 in Theorem 1. Here [x] denotes the greatest integer function. Note 
Gj= [(j + 1)/2] and Jj= b,. Thus 
(x+:,-1 jZjZ. (1~/23Lx+2n~:51:)“‘(X+2nj) 
ti- [(j + 1)/21)! 
’ (2n - [(j + 1)/2])! (j- 2n)l 
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= F (X-1)‘**(x+2n-j) (x+2n-[(j+1)/2]-l)*.(x) 
j%t (j - 2n)! (24 - Kj+ WIY 
x+2n-[(j+1)/2]-1 
=j& (jx2n) ( 2n-[(j+1)/2] )* 
The last equality follows since the second factor of the last sum is constant 
for j- 1 and j. Substituting 2k + 2n for j yields (4.3). 
As a hypergeometric series, the right-hand side of (4.3) is 
= (x+;-l),F, (--n,-+~++;f,-x--n+l;l) 1 
which is a special case of the classical Pfaff-Saalschutz series [3] which 
sums to 
EXAMPLE 3. For nonnegative integers 
i+/+k=m 
This is the trinomial generalization of (1.1) and it can be extended in the 
obvious manner to multinomial coeffkients of any degree. (4.4) can be 
derived from Theorem 2 by letting F = {(x, y, .z) E Z3: x + y + z < m } and 
q+ 1, and then using (3.2) for m = 3 and q -+ 1. Here we note that each 
vertex (i, j, k) E F, such that 0 < i, 0 <j, 0 < k, and i + j + k = m, is incident 
to three exit edges from F. Carlitz [5] and Tauber [lo] give alternative 
derivations for this example. Equation (4.4) can also be derived by iterating 
(1.1) and hence is equivalent to the hypergeometric identity (4.2). 
EXAMPLE 4. For nonnegative integers, 
(‘:“+:2f)=o;:,. (:)(I)(‘+s+‘-~~~+j+l)/21). 
O<j<s 
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This follows immediately from 
In lieu of applying Theorem 2 to F = {(x, y, z) E Z3: z < t - [(x + y + 1)/2] }, 
we will use the path counting technique directly to derive (4.5). Each path 
from (O,O, 0) to (r, s, 2t) must exit from F through a vertex of the form 
(i,j, t - [(i +j + 1)/2]). If i +j is odd, only ((i,j, t - [(i +j + 1)/2]), (i,j, t - 
Ki +j + WI + 1)) is an exit edge incident to this vertex. The number of 
paths in (0, 0,O) -+ (r, S, 2t) through such an edge is 
( 
i+j+t- [(i+j+ 1)/2] 
N 
r+s+t--i-j+ [(i+j+ 1)/2]- 1 
i, j, t - [(i +j + 1)/2] r--i,s-j,t+ [(i+j+ 1)/2]- 1 ) 
r. I S! (r+s+t- [(i+j+ 1)/2])! 
= i! (r - i)! j !  (s -j)! r!s! (t- ((i+j+ 1)/2])! ’ 
which is the summand of (4.5). If i +j the even, all three edges directed from 
(LA t - [ti +j + 1)/2]) are exit edges from F. Hence the number of paths in 
(0, 0,O) -+ (t, S, 2t) through such a vertex is 
( 
i+j+t- [(i+j+ 1)/2] 
i,j,t- [(i+j+ 1)/2] I( 
r+s+t-i-j+ [(i+j+ 1)/2] 
r-i,s-j,t+ [(i+j+ I)/21 ) ’ 
which also equals the summand of (4.5). Summand over all (i,j) pairs yields 
(4.5). 
For s = 0 this example reduces to an equivalent of Example 2. For s # 0, 
however, it does not appear to be a consequence of a hypergeometric series 
result. 
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